Flight Mirror Assemblies (FMAs) for X-ray telescopes similar to that of the International X-ray Observatory (IXO) concept consist of several thousands of individual mirror segments. The size, shape, and location of these mirrors affect many characteristics of the telescope design. Mission requirements among other factors in turn restrict mirror segment parameters such as thickness, axial length, azimuthal span, and mass density. This paper provides an overview of the critical relationships relating to mirror segment size and configuration throughout the design and analysis of an X-ray mirror assembly. A computational analysis is presented in the form of ray tracing pairs of thin X-ray mirror segments of varying sizes aligned in gravity and supported using kinematic constraints with corresponding self weight distortions calculated using finite element analysis (FEA). The work in this paper may be used as a starting point for determining mirror segment sizes for X-ray missions like that of IXO and beyond.
INTRODUCTION
Future X-ray telescope missions hope to provide the tools necessary to enable scientists and researchers to quantify and fully explain various cosmological occurrences such as supermassive black holes and dark matter. By observing distant X-rays, a clearer picture of how the universe has evolved to this point can be made. Local X-ray sources only indicate what has occurred most recently on the cosmological timescale. X-rays benefit from among other things the ability to penetrate dust clouds enabling observations that are not possible in other wavelengths [1] .
For future X-ray telescopes to provide useful observations at such cosmological distances, the resolution and effective collecting area of the telescope must improve by several times over current X-ray observatories. One of the proposed methods currently under development at NASA Goddard Space Flight Center that hopes to combine moderate angular resolution with large collecting area is thin slumped-glass mirror segments mounted in separate modules [2] . This segmented optics approach that is discussed in this paper hopes to surpass current X-ray telescope designs by providing a sub 10 arc second resolution and beyond without sacrificing effective area and adding prohibitive cost. This paper presents a methodology that aims to optimize resolution of segmented mirror based optics while not sacrificing effective collecting area. Finite Element Analysis is performed for a set of slumped glass mirrors that range in diameter from 400 mm to 1600 mm in diameter. The aim of this paper is to provide a starting point for future analyses that will optimize mirror size based on a wider range of design variables compatible with multiple X-ray mission concepts. In this light, additional contributing factors used to select mirror sizes that may affect optimization of both resolution and effective area are also discussed. To understand why such a study is necessary, it is useful to briefly review the capabilities of previous full shell optics based X-ray telescopes and introduce the proposed mirror shell segmentation approach.
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Full shell optics
The majority of previous X-ray telescopes implemented full shell optics in part due to the natural rigidity of a complete cylinder. Either through precise polishing of a relatively thicker shell or electroforming thinner shells to precisely polished cylindrical mandrels, full cylindrical shells were given a precise reflecting surface for X-rays to reflect off at small grazing angles. Due to the relatively high cost of producing large diameter mandrels and to the relatively less rigid nature of large diameter yet thin shells, typical outer diameters of X-ray telescopes utilizing thin shells have been less than 70 cm. The four 2 cm thick nested shells produced for Chandra measured up to 120 cm in diameter (see Figure 1) , however the effective area of Chandra is a fraction of smaller diameter, tightly packed X-ray mirror assemblies used on missions including XMM-Newton and Astro-E2 (Suzaku).
Segmented optics
One proposed compromise between thin foil and thick polished shell X-ray telescope designs is to segment mirror shells and mount precisely in individual modules. Multiple modules full of tightly packed mirror segments are then aligned and mounted to a single structure [3] . The limits on how large thin foil optics can be accurately manufactured by traditional methods do not directly apply to segmented glass slumping. The maximum diameter of a mirror assembly based on segmented mirrors is therefore much larger than comparable thin foil optics. 
Degree of segmentation
A new question arises when designing a FMA using segmented mirrors: what is the optimal degree of segmentation? The answer to this question is affected by a host of factors that boil down to the mission requirements (resolution and effective area) and mission cost (material, manufacturing, FMA integration, launch, etc). The optimal degree of segmentation will be a trade-off that takes into account all of these factors. However, to arrive at a concrete numerical result is quite a challenge and the result may remain open to interpretation. Bearing this in mind, the modeling and analysis performed in the next section is a first step, laying out the groundwork for future more complete studies that will determine an optimal set of sizes for X-ray mirror segments. How the optimal sizes of the mirror segments affect the design of the FMA at the module level is also under investigation [2] .
FMA resolution vs. effective collecting area
To understand the goals of this trade study, it is important to distinguish the importance of the FMA resolution compared to that of the overall effective area. For X-ray missions designed for precise deep space observation it can be argued that a small portion of the effective area can be sacrificed if necessary to maintain a resolution capable of distinguishing faint objects. It is possible to increase the total reflecting area if needed with additional mirror segments. However, resolution is directly limited by the quality of the technology and materials developed to assemble the FMA (aspects of which may be viewed as factors driven by cost). With this perspective in mind, the following trade study focuses on optimizing onaxis resolution while maintaining or increasing effective area as a secondary effort.
FINITE ELEMENT ANALYSIS STUDY FOR MIRROR SIZE
The FEA study outlined below focuses on mirrors of three diameters: 400 mm, 800 mm, and 1600 mm. The diameters correspond to a FMA design with an outer diameter of roughly 2 m and are representative of mirrors in inner, middle, and outer modules in a 3 concentric ring module layout similar to that shown in Figure 1 . Mirror axial lengths and azimuthal spans were chosen to have a wide range in order to capture as much of size related trends in mirror figure and alignment. Future studies will most likely have a smaller range that focuses on the optimum size(s) in order to improve model accuracy. A kinematic constraint set is assumed during alignment and integration due to the deterministic qualities of the mount among many other advantages (see Section 2.1). Ray tracing is performed on the nodal displacement results obtained from FEA (see Section 2.2) for each mirror pair that is calculated (see Section 2.3). The mirror pair resolution results calculated from ray tracing for each pair are combined to form a general model for this particular set of mirrors, constraints, and assumptions (see Section 2.4) that can be used to calculate optimum mirror sizes.
Mirror constraints
There are an infinite number of arrangements of constraints that can be applied to a mirror model in its corresponding Finite Element Model (FEM). A kinematic approach to securing the mirror pairs was chosen since it does not over constrain the mirror. Other constraint sets that may or may not be kinematic in nature will be analyzed in future studies. The mirror is minimally distorted in a kinematic layout and it is straight forward to adjust one of the points of constraint in order to move the mirror as a rigid body. Using the assumption that a mirror is kinematically mounted in a module could also eliminate the module design to some degree. Figure 2 shows the location of the three kinematic constraint points and the degree of constraint used for this FEA study.
Numerous possible kinematic constraint location combinations exist. Previous FEA work has shown that 2 points on the bottom edge of the mirror and one at the top minimally distorts the mirror in 1 g of gravity in the negative vertical z direction. Several different sizes of mirrors were also analyzed to confirm that the separation distance between the bottom two constraints that return a minimal amount of gravitational distortion remained at approximately half of the chord width (w/2) of the mirror segment. Figure 2 . The origin is defined along the optical axis (O.A.). Gravity g is set at 9.81 m/s 2 along the negative z direction. Kinematic constraints were applied as indicated by the constraints legend in the figure as purely translational (T x , T y , T z ) constraints.
Finite element modeling
A MATLAB script was developed to generate nodal positions for mirror models based on the fore and aft radii of the primary and secondary mirrors, azimuthal span, axial length, number of desired nodes, and separation gap distance between the primary and secondary mirror. The nodal positions, along with plate properties, mirror segment material density and elastic stiffness, and nodal constraints were exported to a model file that was NASTRAN compatible. Resulting nodal displacements were then exported into the ray tracing procedure described in the Modeling Assumptions Section 2.3.
The FEMs for all combinations of mirror segment diameter, axial length, and azimuthal span had the following parameters:
• 101 x 101 evenly spaced nodes for each mirror
• 100 x 100 4-noded linear plate elements connecting the nodes for each mirror
• Mirror material properties were specified to match Schott D263 glass: elastic modulus E = 72.9 GPa and density ρ = 2,510 kg/m 3
• A body gravitational load g = 9.81 m/s 2 acting in the negative z vertical direction (see Figure 2) • Translational constraints located at individual nodes as shown in Figure 2 to model kinematic constraints
The FEA process introduces additional simplifications including perfect kinematic constraints and a thin plate assumption. The mirrors are modeled as segments of cones, without axial sag. Previous FEA results indicate that the axial sag has little influence on mirror distortions.
Modeling assumptions
Ray tracing software implemented in the optical analysis of the deformed mirror models use approximate ray trace equations described by Saha et.al [5] . This ray trace analysis introduces several assumptions in the analysis process. The mirror pair ray traced is that of a Wolter-I configuration consisting of one primary (parabaloid) and one secondary (hyperboloid) mirror with perfect alignment to an optical axis. The axial length of the secondary mirror is set equal to the axial length of the primary mirror. The mirror segment coating is assumed to have perfect reflection efficiency and the coating does not introduce stress into the mirror segment. The Half Power Diameter (HPD) and Root Mean Square diameter (RMSd) are calculated with respect to the centroid of the image footprint. The deformed surface is also assumed to be smooth and there is no smooth or rough surface scatter.
The thickness t of the mirror was assumed to be linearly dependent on axial length L with a height to thickness ratio L/t of 500. All mirror shells in a FMA would have to be sized and the effective area calculations repeated for each size of the mirror segments used in this study to verify that effective area is not significantly impacted. This would add significant computational time and effort. A likely approach for future studies would be to identify assumptions like the axial length to thickness ratio that can be used during model development and implement detailed effective area calculations to verify that the new FMA design meets the mission effective area specifications.
Optimum segment size -model development
This section will present a method to calculate values for the azimuthal span that relate to minimum resolution in terms of HPD for a mirror pair. Along with the modeling assumptions briefly listed in a previous section, there are additional cases that may affect the methodology presented in this section:
• The models formulated in this section will change depending on the chosen material
• The direction of gravity is assumed to be along the optical axis to help minimize gravitational distortion, but this may not be the optimal case. See the subsequent sections for related discussion When looking at the combined mirror HPD resolution results from the ray trace analysis for the 75 combinations of mirror diameter D, azimuthal span θ, and axial length L it becomes evident that instead of smaller mirrors trending to better HPD resolution, an optimum HPD resolution related to the aspect ratio of height vs. width is present. This analysis process began by analyzing 15 sets of data that held the mirror diameter and the axial length constant while the azimuthal span varied. Figure 3 shows an example of one of the 15 data sets generated for a particular mirror diameter and axial length combination. For each combination of mirror diameter and axial length, a corresponding azimuthal span with a minimum value of HPD was estimated setting the derivative of a 2 nd order polynomial fit function equal to zero and solving for the azimuthal span. More precise values for the optimum azimuthal span could be obtained by additional FEM models generated near the estimated optimum HPD resolution, eliminating the need for the polynomial fit function if so desired. However, the estimated optimum azimuthal span for the purposes of this study will suffice (the estimated deviation from actual optimum azimuthal span is < 10% for most cases). After all 15 estimated values for the optimum azimuthal span were calculated, the corresponding chord width was calculated using Equation 1 and plots were generated using azimuthal span θ, segment diameter D, and chord width w (see Figure 4 ).
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(1) The logarithmic trend in optimum azimuthal span is apparent in the graphs in Figure 4 . The 800 mm diameter data set does not match as well as the 400 mm and 1600 mm at axial lengths < 200 mm. This may be a product of the 2 nd order polynomial fit equation. In either case, verification of the values for the optimum azimuthal span can be accomplished by generating additional FEMs for axial lengths < 200 mm at a diameter of 800 mm for various azimuthal sizes.
Assuming that at other diameters, the optimum azimuthal span trend remains logarithmic with regards to the axial length, it is possible to generate an estimated relation of the optimum azimuthal span that can be calculated for any value of axial length and mirror diameter. This method essentially estimates the azimuthal span θ * for any mirror segment diameter D and axial length L that corresponds to the smallest value for combined HPD resolution. Equation 2 shows how the 3 dimensional relation is expanded from the set of 3 dimensional relations: 
Using Equation 4, we now have a 3 dimensional relationship between segment diameter D, axial length L, and estimated optimum azimuthal span θ * as shown graphed in Figure 5 . Values for the constants c 1 , c 2 , c 3 and c 4 are determined in this particular case by the linear interpolation fit of two sets of 3 values calculated from the 3 logarithmic trend line equations calculated from data graphed in Figure 4 . The total number of FEA runs will consequently determine how accurate the interpolation is between both mirror segment axial lengths and diameters. A set of FEMs based on three diameters is the bare minimum needed to estimate values for optimum azimuthal span for all other diameters. For this particular set of 75 FEMs the values for the constants were calculated to be c 1 = -0.0073, c 2 = 17.7645, c 3 = 0.0221, c 4 = -58.4035. The linear interpolation used in Equations 3a and 3b result in estimated values of the optimum azimuthal span that are within 10% of the original values for the optimum azimuthal span estimated using the approach shown in Figure 3 . This indicates that the interpolation scheme used in Equations 3 and 4 work well for quick estimates of the optimal azimuthal span. Figure 3 . The optimum azimuthal span of the mirror is not necessarily trending to small or large mirrors, but to mirrors that have an aspect ratio of roughly 1:1 to 2:1 axial length L to chord width w. This optimum aspect ratio changes with respect to the magnitude of the mirror segment height and width as well as the mirror segment diameter. Applying this model to a mirror with an axial length of 200 mm (0.4 mm thickness) and a diameter of 500 mm, we see that the optimum azimuthal span is between 25 and 30 deg.
Equation 4 provides a method to determine the azimuthal span based on segment diameter and axial length. The optimum axial length could also be calculated based on azimuthal span and segment diameter if so desired. Section 3 describes what factors must be considered when determining what value or values the axial length for a particular X-ray mission could be. Future studies may be able to add empirical relationships to determine an optimal or set of optimal axial lengths and/or azimuthal spans. For the purpose of this study, the discussions in Section 3 can be used to set realistic upper and lower limits on the values of the axial lengths and azimuthal spans. For particular values of axial lengths, the corresponding optimal azimuthal spans can then be estimated or vice versa using models developed in similar fashion to that described in the previous section.
Large segment considerations
From the 75 ray traced FEMs used in this analysis set, a significant rise in the minimum achievable HPD occurs as the diameter of the mirror segments increases. As shown in Figure 6 , the distortions introduced by gravity alone along the optical axis on a kinematically mounted mirror segment pair exceeds the final resolution requirements of 5 arcsec HPD for mirrors greater than about 1200 mm in diameter. The HPD resolution shown in Figure 6 does not include mirror surface error, sag error, alignment error, and mounting error introduced as the mirror is mounted permanently in the module. This assumes that a kinematically mounted mirror is permanently mounted into a module using another nonkinematic permanent mount. Gravitational distortions in a permanent kinematically mounted mirror would theoretically be released on orbit. Causes of this rapid decay in mirror figure relate to the fact that at larger diameters the mirror pairs have a larger departure angle from the gravitational direction. The component of gravity that distorts the mirror is therefore greater. In addition, the segments themselves have less curvature to resist gravitational sag. The kinematic constraint locations leave the top corners of the mirror free to distort under gravity which becomes the dominating source of error especially for the secondary mirrors that are angled farther from vertical.
Options exist that may prevent gravitationally induced distortions from limiting the maximum diameter of a FMA if nonkinematic permanent mounting methods are used to mount mirror segments into modules. Since the FMA is modular, it would be possible to assemble outer modules at angles that minimize gravitational distortion. The optical axis would no longer be vertical and the alignment and mounting facilities would be set at an adjustable angle customized for each module. An alternative idea for permanently mounting large diameter mirror segments would be to add single points of constraint to the weak sections of the mirror to reduce localized gravitational distortions. The first steps of this possibility has already been investigated for smaller diameter mirrors using Nano-Actuators with a step resolution of 10 nm in closed loop control with a displacement sensor to add four additional points of constraint. Additional mirror thickness is another possibility at the expense of effective area. Alternative mirror materials that are stiffer and more resistant to gravitational distortion are also a possibility. The modeling approach presented in Section 2 allows for relatively quick analysis of various segment material property sets. With these possible solutions in mind, it is still quite possible to achieve a large diameter FMA using segmented mirrors permanently mounted with a non-kinematic process.
ADDITIONAL FACTORS FOR MIRROR SIZING

Cost
For a wide range of possible mirror sizes that meet the resolution and effective area requirements, the segment size that is cheapest to implement would be preferred. Slumped thin glass mirrors have associated costs outside of the basic material costs. The total mass of the mirror segments (mass minimization and launch cost), the number of mandrels to be precision formed (mandrel cost optimization), and the number of modules in the FMA which can affect the degree of parallelization during FMA assembly (integration cost) all combine to determine cost based on mirror segment size. Some of the cost drivers mentioned in this section along with possible approaches to future advances in segment cost vs. size modeling are discussed in more detail in the subsequent sections.
Methods for segment permanent mounting
The FEA study presented in this paper assumed kinematic constraints that optimized self weight distortion of the segment. This kinematic configuration is one of many possible constraint sets that could ultimately be analyzed and chosen as the final constraint set. The total number of constraints for the segments to survive launch conditions, thermal changes, etc while preserving alignment throughout the duration of the mission may need to be higher than the base kinematic constraint set chosen for this FEA study. The final constraint set that is chosen may subsequently have an optimum aspect ratio different than that presented in Section 2.4. The FEA and ray trace analysis procedure introduced in Section 2 can be repeated for any constraint layout to verify the optimum mirror size.
Segment integration costs
Segment size ultimately determines the total number of segments that will be mounted into the mirror modules. The process used to permanently secure the mirror segments while preserving alignment to this point has practical limits on the alignment accuracy and the length of time needed to align and fix an individual segment. The cost in both time and infrastructure will become prohibitive for exceedingly small mirror segments due to the sheer number of mirror segments that would be installed to complete the optical assembly. Therefore rough estimates on the effects of cost for segment integration should be considered when establishing a minimum constraint on the size of the mirrors.
Example case: integrating 20,000 mirror segments would require approximately 10 alignment and bonding stations to assemble the optical assembly in about two years (500 total working days) assuming 2 pairs of mirrors can be installed in an 8 hour day at each integration station. The cost of each integration station including the alignment hexapods, bonding equipment, personnel, etc required to run a station is not insignificant. Bonding 24 hours a day would lower the required number of stations to 4 to complete the segment integration in two years, but the cost of running integration operations non-stop prevents the 2.5 fold savings in cost from reducing the number of pieces of integration station equipment. If instead the total number of mirror segments to be mounted is 10,000 while mirror distortions are kept low, then running operation costs, equipment, and personnel costs are lowered since the number of stations is lowered and the operation time is reduced. Therefore a more direct way to lower integration cost is to reduce the total number of segments to integrate. A trade study using the analysis approach presented in this paper along with cost modeling of segment integration in addition to segment material and handling costs could help determine a limit on mirror size based on both resolution and integration cost.
Metrology considerations
Metrology costs rise significantly for apertures larger than 300mm due primarily to the cost of the precision glass optics implemented in the interferometer hardware and the null lens used to transform a flat wavefront into a cylindrical wavefront. Alternative metrology methods have been presented that bypass the aperture size constraint such as wavefront stitching. By taking measurements of sections of the mirror segments and combining into one measurement, a mirror can theoretically be many times larger than the aperture size of the metrology equipment. However several key factors may impact the success of this method. The time to measure and therefore the cost of metrology increases linearly as the number of partial measurements taken for each segment increases. There is also the added cost and complexity of a metrology setup that either translates the segment being measured or the interferometer itself. A more detailed study of cost and feasibility of wavefront stitching as it applies to measuring thousands of thin glass mirror segments is necessary to determine the practicality of this method for segments with an axial length of greater than approximately 300 mm to 400 mm where cost savings may be considerable. Until wavefront stitching or an alternative metrology approach to large size mirror segment metrology is fully flushed out, axial lengths of greater than 300 mm may significantly increase the overall cost of segment metrology.
CONCLUSION
The method introduced in this paper utilizing ray trace analysis on finite element model results of a set of X-ray mirror segments of various sizes is shown to produce useful relationships that can affect the resolution of the mirror. These relationships can be characterized and implemented to help choose the size of the mirrors that corresponds with the optimal HPD resolution. At this early stage, an optimized segment azimuthal span for a kinematically mounted mirror pair can be estimated for any mirror in the FMA using a model matched to the results of the FEA -ray trace study. Other factors that stem from mission requirements were also identified and future integration into the mirror segment size analysis was discussed. As this approach to optimizing the size of the mirror segments matures, the ability to develop new models will simplify and become more automated. For instance, a script was used to generate a single model file for this analysis. It is straightforward to not only generate a batch of models but also perform the FEA. With additional software development, ray tracing and organization of the results can also be scripted in order to develop segment size models in a matter of days or hours. With improved modeling efficiency, additional constraint sets, mirror materials, and cost can be analyzed to help determine mirror segment sizes directly optimized to any set of mission requirements.
